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PE LCZYN´SKI SPACE IS ISOMORPHIC TO THE LIPSCHITZ
FREE SPACE OVER A COMPACT SET
LUIS C. GARCI´A-LIROLA AND ANTONI´N PROCHA´ZKA
Abstract. We prove the result stated in the title. This provides a first ex-
ample of an infinite-dimensional Banach space whose Lipschitz free space is
isomorphic to the free space of a compact set.
Let us first motivate the result stated in the title. For a metric space M
with a distinguished point 0 ∈ M (called commonly a pointed metric space), the
Lipschitz free space F(M) is the norm-closed linear span of the evaluation function-
als, i.e. {δ(x) : x ∈M}, in the space Lip0(M)
∗. Here the Banach space Lip0(M) ={
f ∈ RM : f Lipschitz, f(0) = 0
}
is equipped with the norm
‖f‖
L
:= sup
{
f(x)− f(y)
d(x, y)
: x 6= y
}
.
One of the main features of the free spaces is that every Lipschitz map f :M → N
which fixes the zero induces a linear map fˆ : F(M) → F(N) such that δN ◦ f =
fˆ ◦ δM and
∥∥∥fˆ∥∥∥ = ‖f‖L. For a quick proof and some other basic properties we refer
the reader to the paper [2].
The operation of constructing a Lipschitz free space over a given metric space
is thus a functor from the category of pointed metric spaces (whose morphisms
are the Lipschitz maps that fix zero) into the category of Banach spaces whose
morphisms are the bounded linear maps. This functor is not injective though.
Some information about the metric space is lost on the way to its free space. Indeed,
among the simplest examples we can mention the metric spaces [0, 1] and R whose
free spaces are (isometrically) isomorphic since F([0, 1]) = L1[0, 1] and F(R) =
L1(R). More generally, Kaufmann [8] has proved that for every Banach space X ,
the space F(X) and F(BX) are isomorphic. It can also happen that F(X) is
isomorphic to F(Y ) when X and Y are Lipschitz non-isomorphic separable Banach
spaces. This is the case for example for X = c0 and Y = C[0, 1], as was shown by
Dutrieux and Ferenczi [3]. On the other hand, if X has the bounded approximation
property (BAP for short, see the definition below) while Y does not, then F(X) and
F(Y ) cannot be isomorphic. Indeed, a celebrated result of Godefroy and Kalton [5]
says that X enjoys the BAP if and only if F(X) does.
An intriguing open problem is whether dimX 6= dim Y implies that F(X) is not
isomorphic to F(Y ). The only partial solution is due to Naor and Schechtman [9]
who have shown that F(R2) does not embed into F(R). A fortiori, F(R2) 6≃ F(R).
But otherwise the fog is so dense in these parts that it is not even clear whether
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dimX = ∞ and dim Y < ∞ implies F(X) 6≃ F(Y ). Looking again at the above
mentioned result of Kaufmann, this problem would be settled if one could prove
that F(X) is not isomorphic to the free space of any compact metric space when
dimX = ∞. That is certainly the case for any non-separable Banach space X
(since the density characters of X and F(X) are equal for any infinite X) but it
turns out to be false in general. Indeed, it is enough to combine our result with the
well known fact that P and F(P) are isomorphic (see [5, Remark on page 139]).
Theorem 1. There exists a compact convex subset K of the Pe lczyn´ski space P
such that P is isomorphic to F(K).
Recall that P is the unique (up to isomorphism) separable Banach space with
a Schauder basis and such that every separable Banach space with the BAP is
isomorphic to a complemented subspace of P. We refer the reader to [1] for the
construction of this space which shows that every Banach space with a basis is
complemented in P. The stronger property that every Banach space with the BAP
is complemented in P is proved in [7, 10].
A Banach space X is said to have the bounded approximation property if there
exists λ > 0 such that for every x1, . . . , xn ∈ X and every ε > 0 there exists a finite
rank linear operator T : X → X which satisfies ‖T ‖ ≤ λ and ‖xi − Txi‖ ≤ ε for
all 1 ≤ i ≤ n. If the above is satisfied with a given λ > 0, we say that X has the
λ-BAP.
In the proof of Theorem 1 we will construct a compact convex K ⊂ P in such a
way that F(K) has the BAP. In fact, K will satisfy the hypothesis of the follow-
ing criterion which is an easy corollary of a much deeper result of Pernecka´ and
Smith [11].
Proposition 2. Let X be a Banach space and K ⊂ X be a closed convex subset
containing 0. Assume that there exist λ ≥ 1 and a sequence (Tn)n of finite-rank
operators on X such that ‖Tn‖ ≤ λ and Tn(K) ⊂ K for each n, and (Tn)n converges
pointwise to the identity on K. Then F(K) has the λ-BAP.
The proof is a slight modification of a part of [5, Theorem 5.3].
Proof. By a density argument, it suffices to show that if ε > 0 and x1, . . . xk ∈ K
then there exists a finite rank linear map T : F(K) → F(K) such that ‖T ‖ ≤ λ
and ‖Tδ(xi)− δ(xi)‖ < ε for 1 ≤ i ≤ k. Fix n such that ‖Tn(xi)− xi‖ < ε/2 for
1 ≤ i ≤ k. Let T̂n : F(K)→ F(Tn(K)) be the induced linear map. Since Tn(K) is a
finite-dimensional compact convex set, F(Tn(K)) = F(Tn(K)) has the 1-BAP [11].
Thus we can find a finite-rank operator S : F(Tn(K))→ F(Tn(K)) so that ‖S‖ = 1
and
∥∥∥ST̂nδ(xi)− T̂n(δ(xi))∥∥∥ < ε/2. Then T = ST̂n does the work. 
Proof of Theorem 1. Let {en : n ∈ N} be a normalized Schauder basis of P with
the associated projections (Pn)n. Consider K = conv{en/n : n ∈ N}, which clearly
is a compact convex set satisfying P = span(K). By [4, Lemma 2.1] or [6, Theorem
4] we get that P is isomorphic to a complemented subspace of F(K). Notice that
Pn(K) ⊂ K for each n. Thus, the space F(K) has the BAP by Proposition 2.
Now, the universal property of P yields that F(K) is isomorphic to a complemented
subspace of P. Since P is isomorphic to its ℓ1-sum (see [1, proof of Theorem 13.3.1]),
the conclusion follows by applying the standard Pe lczyn´ski’s decomposition method.

With our appetite whetted by this positive result we ask: is it true that for every
separable infinite dimensional Banach space X there exists a compact metric space
K such that F(X) ≃ F(K)? Can such K always be found inside X? Let us remark
PE LCZYN´SKI SPACE IS ISOMORPHIC TO THE LIPSCHITZ FREE SPACE OVER A COMPACT SET3
that F(X) is isomorphic to a complemented subspace of F(K) whenever K is a
generating convex subset of F(X). Indeed, it is the contents of [4, Lemma 2.1] or
[6, Theorem 4].
Notice that the proof of Theorem 1 could also be finished by proving that K is a
Lipschitz retract of P (instead of proving that F(K) has the BAP). Nevertheless we
don’t know if this is the case. More generally, the question whether every separable
Banach space admits a compact convex generating Lipschitz retract was raised in [6,
Question 3].
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